Tit DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


TIEP CAN BAT dAnG THl/C 
THONG QUA CAC BAl TOAn TRONG DE THI 
DAI HOC - CAO DANG 2007 - 2016 

Trong cac nam vua qua bai toan Bat Dang Thuc va Gia Tri Lon Nhat - 
Gia Tri Nho Nhat la cau hoi kho de chinh phuc diem 10 trong de thi Dai 
Hoc - Cao Dang va Ki Thi THPT Quoc Gia cung nhu trong cac ki thi HSG. 

Theo xu hudng cua cac nam gan day thi viec kiem diem cua cau hoi nay 
thuc su khong phai la mot viec qua kho khan neu nhu cac em co kien thuc 
ve bai toan nay. 

Doi vbi cac em thi Y - Duqc, An Ninh, Cong An thi viec chinh phuc cau 
hoi nay la dieu can thiet. Chinh vi vay cac em phai bat dau ngay tu bay gib, 
mot cac nghiem tuc la co 16 trinh de co day du kien thuc nham lam tot bai 
toan nay trong de thi. Viec hon kem nhau 0,25-0,5 diem da co the quyet 
dinh van de dau va rot 6 cac trubng TOP. 

Muc tieu cua cac em can dat ra la hoc du va van dung tot, khong nen 
hoc qua cao sieu nhung nhu qua thua thai. Bo nao cua cac em phai hoat 
dong de can bang o tat ca cac mon de dat tong thanh tich cao nhat chu ko 
phai dat thanh tich cao b chi 1 mon. 

Dubi day la mot vai luu y cua thay khi bat dau hoc ve Bat Dang Thuc: 

Sol: Biet duoc va van dung duoc 2 bat dang thuc chinh la but dang thuc 
AM-GM (Cauchy, Cosi) va bat dang thuc Cauchy-Schwarz (Bunyakovski- 
Cauchy-Schwarz). 

So 2: Nam ro duoc diem roi la gi? Su dung cac danh gia tucmg ung de 
dam bao diem roi nhu the nao? 

So'3: Biet va van dung duoc cac danh gia thucmg gap nhat, cac bat dang 
thuc phu quen thuoc. 

So'4: Ren luyen thuong xuyen de quen tay va tao su nhay ben, xu It toe 
do cao + trinh bay ro rang chi tie't. 

DltOI DAY THAY TANG CAC EM LOI GlAl VA CACH Tit DUY CUA 
CAC BAl TOAN BAT DANG THUC TRONG CAC DE THI CHINH THUC 
CUA BO giAo duc vA dAo TAO. 

CHUC CAC EM TIEP CAN VA DINH HltONG DUNG CHUAN BI CHO 
KI THI 2017!!! 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


Bai 1: Cho x,y,z la cac so'thuc duong. Tim gia tri nhd nhat cua bieu thuc: 


PHAN TICH 

De thay bai toan doi xung nen diem roi la x = y = z 
+ y 2 + z 2 x 2 +y ? 


De tuyen sink Dai Hoc khoi B-2007 


Ta co: P-- 


. Tu so la luong x 2 +y 2 + z 2 va mau so 


2 xyz 

la luong xyz nen ta co the dua ve luong trung gian la x + y + z hoac 
xy + yz+zx. De tu nhien ta chon luong x + y+z . 

„ , ( x + y + z ) 2 , , 3 

Su dung cac bat dang thuc: x +y +z >- - — va [x + y + z j >27 xyz 


BAI GIAI 

Ta co: 3 {x 2 + y 2 + z 2 ^>{x + y + zf va 2 7xyz < (x + y + z) 3 

; ^ Jx + y+z) 2 ! 9 (x+y + z) 2 (x+y+z) 2 | 9 

6 " 6 x+v+z 
9 

Xethamso f(f) =— + - voi f = x + y + z=>f>0 
v ' 6 f 


t 

0 

3 

+oo 

fit) 

- 

0 

+ 

fit) 

2 


Dua vaobangbienthien =^> /(f)>/(3)= ^ => P > ^ 
Dang thuc xay ra khi ^ 2 ^«x = y = z = l 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 






















Tli DUY TIEP CAN BAT dAnG THVlC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 

Bai 2: Cho x,y,z la cac so thuc duong thoa man xyz-1. Tim gia tri nhd nhat 
(y + z) | y 2 (z+*) . z^{x+y) 


cua bieu thuc: P = 


y yjy +2zjz z*Jz + 2x\[x x^fx+2 y^y 

D'e tuyeh sink Dai Hoc khoi A-2007 


PHAN TICH 

Du doan diem roi la x = y = z = 1 

Mau so chiia tong cua cac dai luong x\fx,y^[y ,z\fz gan nhu la khong bien 
doi duoc neu co thi: 2x\fx < x(x +l) = x 2 + x se dua mau ve dang phuc tap 
hon. 

Ta thay tu so cac phan thuc co su dac biet la chua ca ba bien x, y, z, dua vao 
dieu kien bai toan ta danh gia nhu sau: x 2 [y + z) > 2x 2 ^yz - 2x\[x den day 
ta thay tu so tro thanh dai luong giong mau. 


BAI GIAI 

Cach 1: 

Ap dung AM-GM: x 2 (y + z)> 2x 2 ^fyz = 2xyfx 
Tuongtu: y 2 (z + x) > 2yjy , z 2 (x + y)>2z%fz 

-Pt 2x ^ i 2y ^ 4 2z • 

y<Jy + 2z\[z z<Jz + 2x\[x x-\/x+2y,^i/ 

Dat a = x4x-,b = yJu-,c = z4z =>P> ^ ^° 

^ b + 2c c + 2a a + 2b 

Ap dung bat dang thuc Cauchy-Schwarz: 

a+b+cf 


a(fc + 2c) b(c + 2a) c(a + 2fc) 3 [ab + bc + ca) 

/ \ / \2 (a + b + c) 2 

Ma: 3 (ab + bc + ca)<(a + b + c) o—r --—r>l 

V ^ > 3 (ab + bc + ca) 

„ 2 a 2b 2c 

=>P>-+-+->2 

b + 2c c + 2a a + 2b 

Dang thuc xay ra khi a = b = cox = y = z = 1 

Cach 2: 

Dat: a = xyfx + 2yjy}b = yy[y + 2z\lz-,c = zyfz + 2xjx 

4c + a -2b i— 4a + b-2c r Yb + c-2a 


r 4 

xyx = - 


b r 4 

-;y>/y =- 


;c r 4 
-izsjz = - 
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TU DUY TIEP CAN BAT BANG THTtC 
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_ 2 ( 4c + a - 2b 4a + b-2c 4b + c-2a) 

>P>-\ -+-+- 

9 { b c a J 

^21 a b c (b a c) J 
>P>- -+-+-+4 -6 

9[b c a [a c b) j 


^P>2(3+4.3- 6 ) = 2 

Dangthucxay ra khi a-b-cox-y-z-1. 


Ket luan: Vay gia tri nho nhat cua P la 2 khi x=y=z=l 


Bai 3: Cho x,y,z la cdc so thuc duong thoa man x(x + y + z) = 3yz. Chungminh 
rang: (x + yf + (x + zf + 3(x + y)(y + z)(z + x) < 5(y + zf 

D'e tuyen sink Dai Hoc khoi A-2009 

PHAN TICH 

Bat dang thuc chi chua: x + y,y + z va z + x nen ta huong den viec doi bien 
cho gonbai toan. Dat fl = x + y;b = y + z,c = z + x, khi do dieu kien tro thanh: 
b 2 +ac- a 2 +c 2 , bat dang thuc tro thanh: a 3 + c 3 + 3 abc < 5b 3 
Ta thay dieu kien va bai toan dang cap (thuan nhat) nen ta chia qua de 

2 2 

,2 2 2 , a c a c 

giambien: b +ac = a +c <=>1 +— = — + — 
bb b b 

a 3 +c 3 + 3abc<5b 3 <^ a - + ^- + 3--<b 
b 3 b 3 bb 

Dat u — — ,v — —. Dieu kien <=>m 2 +v 2 -uv + 1, bai toan ou 3 +v 3 +3 uv<5 
b b 

Ta da dua ve bai toan 2 bien doi xung don gian. Va ta co the hieu bai toan 
la tim gia tri ldn nhat cua bieu thuc: P = u 3 + v 3 + 3 uv 

BAI GIAI 


a = x + y 

, a-b+c a+b-c b+c-a 

p = y + z=>x =-;y =-;z =- 

J o J o o 


x(x + y + z) = 3yzoa 2 +c 2 =b 2 +ac «• - + - =-- + 1(1) 


Bat dang thuc tro thanh: a 3 +c 3 + babe < 5b 3 
6 


+ r +3 H S5 < 2 > 


Tim tai lieu Toan ? Chuyen nho - www.toanmath.com 




















TU DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


Dat u = -,© = - =>(l)<^>u 2 +v 2 =uv+l va (2)<=>u 3 + u 3 +3uv <5 
bb y 

Ap dung AM-GM: (l)=>(u + u) 2 = 3uu + l<^(u + u) 2 + 1 <=>u + u< 2 
Xet P = u 3 +v 3 + 3uv = [u + v)[u 2 - uv + v 2 ^ + [u + vf -l = (u + vf +{u + v)-l 
=>P<2 2 +2-l = 5=>(2) dung. Dang thuc xay ra khi w==p=l. 

Cach 2: Ngodz ra fa czlng co thedanh gia bang AM-GM nhu sau: 

Ta co: b 2 =a 2 +c 2 -ac>(« + c) 2 -^(a + c) 2 <=> 2b>a + c 

=>a 3 + c 3 + 3flfcc = (fl + c)^a 2 + c 2 -ac^ + 3abc = {a + c^b 2 +3abc<2bb 2 +^[a + cfb 

=> a 3 + c 3 + 3afec < 2fr 3 + ^( 2 &) 2 b = 5b 3 . Dang thuc xay rakhi a = b = c. 

Ket luan: Vay bat dang thuc dung, dang thuc xay ra khi x = y = z . 


Bai 4: Cho a,b,c la cac so thuc khong am thoa man a + b + c = 1. Tim gia tri nhd 
nhat cua bieu thuc: 

P = 3(a 2 b 2 +b 2 c 2 +c 2 a z ^ + 3(ab + bc + ca) + 2^a 2 +b 2 +c 2 

De tuyen sinh Dai Hoc khoi B-2010 

PHAN TICH 

Bai toan doi xung ba bien khong am nen dang thuc xay ra khi co it nhat 1 
bien bang 0. Ta co dinh mot bien c = 0=>fl + b = l=>b = l-zz thay vao P : 

P = 3^fl 2 (l - a) 2 + 0 + 0 j + 3(fl(l - a) + 0 + o) + 2 ^|a 2 + (l - a) 2 + 0 2 

Su dung cong cu TABLE cua may tinh CASIO 
vai : 

X 

F(X) 

0 

2 

P (X) - 3X 2 (l - X) 2 + 3X(l - X) + 2 y/x 2 + (l - X) 2 

• START = 0 

• END-1 

• STEP = 0.1 

Dua vao bang gia tri tren ta thay ham so co cue 
dai trong khoang (0.4,0.6) va dat gia tri nho 
nhat la 2 khi X = 0 va X = 1 . 

Khi X = 0=>a = 0=>b = lva X = l^a = l^fc = 0 

0.1 

2.1053 

0.2 

2.206 

0.3 

2.2854 

0.4 

2.335 

0.5 

2.3517 

0.6 

2.335 

0.7 

2.2854 

0.8 

2.206 

0.9 

2.053 


\ |\ /| 7 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong -FbtThayNguyenDaiDuong 

Vay diem rod cua bai toan la a = 1, b = c = 0 va cac | 1 | 2 | 

hoan vi. 

Ta thay voi diem roi tren thi: 

a 2 b 2 = b 2 c 2 = c 2 a 2 = 0 => 3 [a 2 b 2 + b 2 c 2 + c 2 a 2 ) > [ab + be + caf 
Chinh vi vay ta se ep bien ve t = ab + bc + ca 
Ta khong the danh gia : a 2 + b 2 + c 2 > ab + bc + ca nen ta se bien doi tuong 
duong : a 2 +b 2 +c 2 = (a + b + cf -2(ab + bc + ca ) 


Va dieu kien cua bien : 0 <ab + bc + ca< 


(a + b + cf I f 1 


d] 


BAI GIAI 

Su dung bat dang thuc : 3 [x 2 +y 2 +z 2 ^>(x + y+zf 
=>3 [a 2 b 2 +b 2 c 2 +c 2 a z ^>(ab + bc + caf 

Ma :(a + b + c) 2 =a 2 +b 2 +c 2 +l(ab + bc + ca)^>a 2 + b 2 +c 2 = 1-2 
P >(ab+ bc + caf +3(ab + bc + ca) + 2^jl-2(ab + bc + ca} 

(a + b+cf l 


b + bc + ca ) 


Ta co : 0 < ab + be + ca < - 


Dat t-ab + bc + ca^>t e 0,^ => P > /(t) = f 2 + 3t + 2%/l - 2 1 


PHAN TICH HAM SO 
Su dung cong cu TABLE bang may tinh 
CASIO voi: 

F (x) = X 2 + 3X + 2\fl - 2X 

• START=0 

• END = 0.35 

• STEP = 0.05 

Dua vao bang gia tri tren ta thay ham so 
don dieu tang tren 0,^ va ham so dat gia 


X 

F(X) 

0 

2 

0.05 

2.0498 

0.1 

2.0988 

0.15 

2.1458 

0.2 

2.1891 

0.25 

2.2267 

0.3 

2.2549 

0.35 

2.2679 


tri nho nhat bang 2 khi X = 0 
tai t = 0. Khi do gia tri can ti: 
va cac hoan vi, thoa man yeu cau bai toan. Nen ta dinh huong chung minh 


, , v, , , ,ab + bc + ca = 0 

tai t - 0. Khi do gia tri can tim cua a,b,c la < oa = l,b = c = 0 

'a+b+c=l 
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Tit DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 



ham so f(t} = t 2 +3t + 2*Jl-2t dong bien tren 

0,1 
3 _ 



Xetham: = + 3t + yjl-2t voi t = ab + bc + ca^>t 


=>/'(f) = 2f 4-3- jl. _ >0 voi moi 

Ham so dongbiennen f(f) > /(o) = 2=>P>2 
Dang thuc xay ra khi a = l,b = c = 0 va cac hoan vi. 

Ket luan : Vay gia tri nho nhat cua P la 2 khi a = l,b = c = 0. 


Bai 5: Cho x,y,z la cac sothuc thuoc |_1,4J va x>y,x>z. Tim gia tri nho nhat 


cua bieu thuc: 


2x+3y y+z z+x 

De tuyen sinh Dai Hoc khoi A-2011 


PHAN TICH 

Bieu thuc thuan nhat bac 0 va hai phan thuc cuoi tuong duong nhau nen ta 

se chia de giam bien P = —-— 4—-—i—-— nhung hai phan thuc cuoi 

2 4-3— 1 + - 1 + - 

x y z 

kha la quen thuoc chung ta lien he den mot bat dang thuc phu : 
112 

-1->- = voi ab> 1 (1) 

l4-fl l4-fc l-i -gab 

Ta can dieu kien de su dimg bat dang thuc tren, tir dieu kien=> > 1 

y z y 

thoa man, ap dung (1) dua bai toan ve khao sat ham so voi bien t - 


I 


0 day toi khong trinh bay each chiing minh bat dang thuc phu tren vi qua 
quen thuoc, cac em tu chung mirth vao bai giai. _ 


, , 112 

Ap dimg bat dang thuc :-1->-= voi ab> 1 

F ' 8 8 1 + 0 1 + b l+^ab 


1 

> - 

1 + Z 


1 

— 

1+* 


m=^p>-— j=. 

J X 24-3— 1+ £ 

Vy * Vy 
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Tit DUY TIEP CAN BAT DANG THUC 
Gv: Nguyen Dai Duong -FbtThayNguyenDaiDuong 

Do x,yeA\,4\,x>y=>\< — <4. Dat t = - =>P>/(fW — + — 

L J y ' iv Jy) 2t 2 +3 1 + t 

PHAN TICH HAM SO 
Su dung cong cu TABLE bang may tinh 
CASIO vai: 

V ’ 2X 2 +3 X + l 

• START = 1 

• END = 4 

• STEP = 0.25 

Dua vao bang gia tri tren ta nhan thay ham 
so don dieu giam tren [1,2] va gia tri nho 
nhat dat tai X = 2. 

Nhu vay gia tri nho nhat cua la f(2) 


X 

F(X) 

1 

1.2 

1.1 

1.1756 

1.2 

1.1539 

1.3 

1.1344 

1.4 

1.1165 

1.5 

1.1 

1.6 

1.0845 

1.7 

1.0698 

1.8 

1.056 

1.9 

1.0428 

2 

1.0303 


Khi t = 2 gia tri can tim cua x,y,z la 


— = 4 

J y 


<=>x = 4,y = l,z = 2 


[y z yz 

Gia tri nay thoa man dieu kien cua bai toan, nhu vay ta dinh huong chung 
mirth ham so f(t) =—^-+ -—- don dieu giam khi te[l,2J 


Xet ham: f (t) = — \ voi t = J— => t e P 1,2] 
w 2f 2 +3 1 + t ]jy L J 

-41 1 3 (t-l) + t 2 (6-f) + 9 I 

L / , V v. <0 vle L 1 ' 2 J 

(2(^3) (( + 1) 

Ham nghich bien tren |J,2J => f{!) > /(2|='] 


Dang thuc xay ra khi 


f 


<=>x = 4,y = l,z =2 


,, 34 , 


Ket luan: Vay gia tri nho nhat cua P la — khi x = 4,y = l,z = 2. 
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Bai 6: Cho x,y,z la cdc so thuc thoa man x + y + z = 0. Tim gia tri nhd nhat ciia 
bieu thuc: P = 3 1 *"* 1 + 3 |y_z| + 3 |z_z| - ^6x 2 +6y 2 +6z 2 

_ De tuyen sink Dai Hoc khoi A-2012 

PHAN TICH 

Taco x + y + z = 0 nen se co it nhat 1 bien am, nhung bat dang thuc va dieu 
kien doi xung nen diem roi khi co it nhat hai bien bang nhau. Do vai tro 3 
bien nhu nhau nen ta gia su x = y=>2x + z = 0<=>z = -2x thay vao P duoc: 

P = 3l°l + 3 |3x| + 3^ - ^6x 2 +6x 2 +6(-2xf = 2.3 3|z| - 6 \x\ +1 

Su dung cong cu TABLE cua may tinh 
CASIO vai: 

F (x) = 2.3 3X - 6X +1 

• START = 0 

• END = 4 

• STEP = 0.5 

Tir bang gia tri tren ta thay ham so don 
dieu tang va tang rat nhanh, ham dat gia 
tri nho nhat la 3 khi X = 0. 

Vay diem roi cua bai toan la x = y = z = 0 
Bai toan co chiia ham mu doi xiing nen ta 
thuc dambao diem roi tai x-y-z-0. 

Ta co danh gia: 3* > t +1 Vf > 0 => 3^ + 3^ + 3^ > |x - y| + |y - z| + |z -^xj 
Khi do ta can tim kiem mot danh gia hoac bien doi sao cho: 

6x 2 +6y 2 +6z 2 </(|x —y],|y — z],|z—x|) 

Ta bien doi tuong duong ket hop dieu kien: 

6x 2 +6y 2 +6z 2 =2(x-y) 2 + 2(y-z) 2 + 2(z-x) 2 + 2(x + y + z) 2 
<=> 6x 2 + 6 y 2 + 6z 2 = 2^jx- y| 2 +1 y - z| 2 + |z - x| 2 j 

Ta suy ra P > jx-y| + |y-z] + |z-x(-^jji^y] 2 +|y-z| 2 +|z-x| 2 j + 3 

Neu ta dat a = \x-y^,b = \y-~^c = \z-x\=>P>a + b + c-Jz^a 2 + b 2 +c 2 ^j + 3 

thi cac danh gia dua ve ham so se bi ngupc dau. 

Do du doan gia tri nho nhat cua P la 3 nen ta se danh gia: 


X 

F(X) 

0 

3 

0.5 

8.3923 

1 

49 

1.5 

272.59 

2 

1447 

2.5 

7561.9 

3 

39349 

3.5 

204531 

4 

1.10 6 


tim mot danh gia de dua ve da 
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Ix-yl + ly-^ + lz-xl-^^-yl'+ly-zl' + lz-x^O 
Ta binh phuong va su dung bat dang thuc: \a\ + \b\ >\a + b\ 

BAI GIAI 

Xet ham so: f (t'j - 3‘ -1 voi t > 0 

=>/'(t) = 3 f ln3-l>0 voimoi t>0 

Ham dongbien => /(t) > /(o) = 1 <=> 3* > t +1 

Ap dung ta dupe: 3 |z_y| + 3 |y_z| + 3 |z_x| > [x - y\ + |y - z| + |z - x| + 3 

Ma: 6x 2 +6y 2 + 6z 2 =2(x-y) 2 + 2(y-z) 2 + 2(z-x) 2 + 2(x + y+ z) 2 

<=> 6x2 + 6y 2 + 6z 2 = 2^X- y| 2 + |y - z| 2 + |z - x| 2 J 

=> P a I* -y]+|y - - yf + |y -’f +] 2 ) + 3 

Taco: (|x-y| + ]y-z| + |z-x|) >2^|x — y] 2 +|y-z| 2 +|z-x| 2 j 

«2(|x-y||y-z| + |y-z||z-x| + |z-x||x-y|)>|x-y| 2 + |y-z| 2 + |z-x| 2 
Ap dung bat dang thuc : |«| +1&| > \a + &| 

=>^y| + |y-z|^[x-y + y-z|=^z|=>|z-x[(|*-y|+ty-z|)^|^ft^ 
Tu , ongtu:|x-y|(|y-z| + |z-x|)>|x-y| 2 / |y-z|(|x-y| + |z-x|)>|y-z| 2 
^|x-y| + |y-z| + |«.-x|>^2(|x-y| 2 + |y-z| 2 +|z-x| 2 ) 

=> P > 3. Dang thuc xay ra khi x = y = z = 0. 

Ket luan : Vay gia tri nho nhat cua P la 3 khi x-y-z- 0. 

Bai 7: Cho x,y,z la cac so thuc thoa man x+y+z= 0 va x 2 +y 2 +z 2 = 1. Tim 
gia tri Ion nhat cua bieu thuc: P-x 5 + y 5 +z 5 

De tuyen sinh Dai Hoc khoi B-2012 

PHAN TICH 

Bai toan doi xung va bien thuc nen diem roi khi co 2 bien bang nhau, do 
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Thay vao => P = ±^^~, kha nang diem rod cua se la x = -h=,y = z = —. 

36 >/6 y6 

De dambao ta su dung CASIO nhu sau: z = -x - y => x 2 + y 2 + (x + y ) 2 = 1 

v) 2 = i-& < z X= -y ± Ji-& =>x .-yJi-& 

2) 2 4 2 V2 4 2 V2 4 

£ ~ 


vai tro cua 3 bien la nhu nhau ta gia su y = z = 


x + 2y = 0 
x 2 + 2y 2 = 1 ^ 


x = -2 y 

4 


y = 


Thay vao: ^P = | + 


2 U 4 


Su dung cong cu TABLE bang may tinh 
CASIO vai: 



11 3X 2 

I + x 5 + - x -| 

1 3X 2 ] 

[ 2 \ 

12 4 

) +x '! 2 v 

2 4 j 


» START = -1 


• END = 1 

• STEP = 0.1 

Dua vao bang ta thay ham so dat gia tri Ion 
nhat tai gia tri gan X = -0A va tai gia tri 
X = 0.8 ham so dot nhien tang nhanh nen ta 
tiep tuc su dung TABLE voi: 

• START = 0.8 

• END = 0.82 

• STEP =0.001 

Ta thu dupe bang va thay ham so gia tri Ion 
nhat tai gia tri gan X = 0.816 va gia tri nay vao 
khoang 0.3383 gan bang gia tri tai X = -0.4. 

Vay ham so dat gia tri lhn nhat tai gia tri gan voi X = -0.4 va X = 0.816 
2 1 

phi. top voi du doan x--^,y = z--—^= va gia tri Ion nhat xap xi 0.34 

gan dung voi du doan —. 

36 


X 

F(X) 

-0.8 

-0.28 

-0.7 

0.0175 

-0.6 

0.21 

-0.5 

0.3125 

-0.4 

0.34 

-0.3 

0.3075 

-0.2 

0.23 

-0.1 

0.1225 

0 

0 

0.1 

-0.122 

0.2 

-0.23 

0.3 

-0.307 

0.4 

-0.34 

0.5 

-0.312 

0.6 

-0.21 

0.7 

-0.017 

0.8 

0.28 
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TU DUY TIEP CAN BAT BANG THTtC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


Ta se nhap vao CASIO mot Ian nua de xac nhan chinh xac gia tri x = —^ la 

v 6 


cue tri. Nhap - 


ff I W-f-JF. 


2 =0 do 


2 2 

dao ham cua ham so T(X) bang 0 tai x - —j= nen x - —j= la cue tri. 

Vdi du doan diem roi khi co 2 bien bang nhau ta se danh gia dua ve mot 
bien. Vdi bien so thuc thi tot nhat ta rut the di kem vdi danh gia luon dung 

, 2 2 2^2 (y + z ) 2 2 (~ x f 3x 2 2 2 

2 2 2 4e 4E 

Cuoi cimg ta se dua P ve bien x bang danh gia: 16 (y 5 + z 5 ) < (y + z) 5 = -x 5 

x 5 15 

Danh gia chi dung khi y + z < 0, khi do P < x 2 - — - — x 5 rd rang khi do 
, 2 

diem roi xay ra khi x = —j= > 0 . Nen ta se gia su x > 0 => y + z = -x < 0. 

V6 


BAI GIAI 

Khong mat tong quat gia sir x > 0 => y + z = -x < 0 
Taco: a 2 +b 2 >2ab<z>2{a 2 +b 2 ^>{a + bf Ya,b&R 

2 2 2 ^ 2 (y + Z f 2 H 2 3 2 2 2 yfE ^ ^ sfc 

y 2 2 2 3 3 3 

Ta co danh gia sau: 16 (y 5 + z 5 )<(y + z) 5 

«• 16 (y+z)(y 4 - y 3 z+yV - yz 3 + z 4 ) < (y + z) 5 

<=>16(y 4 -y 3 z + y 2 z 2 -yz 3 + z 4 )>(y + z) 4 Do y + z<0 

<=> 3y 4 + 3z 4 + 2y 2 z 2 > 4yz [y 2 + z 2 ) 

<=> (y- z) + 2^y 2 -z 2 ) >0 luon dung. Dang thuc xay ra khi y = z. 

.(y + 2 ) S ,.5.(-*) 5 15 a: s ,5 £ 


, 2 1 
Dang thuc xay ra khi x =~ r ,y = z = — 1 = va cac hoan vi. 

V6 y6 
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Tit DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 

Kei luan: Vay gia tri Ion nhat cua P la —khi x = -h=,y = z = —. 

36 y 6 v 6 

Bai 8: Cho a,b,c la cac so thuc duong thoa man (a + c)(b + c) = 4c 2 . Tim gia tri 
nhd nhat cua bieu thuc: 


(b + 3c) [a + 3c) 


D'e tuyen sink Dai Hoc khoi A-2013 


PHAN TICH 

Bai toan va dieu kien doi xung theo hai bien a, b nen diem roi khi a = b, 
thay vao dieu kien ta dupe diem roi a = b = c. 

Dieu kien va bai toan la cac bieu thuc dang cap nen ta hudng den dat an 
phu giam bien. 

Dat x--,y~- . Dieu kien <=>(x + l)(y + l) = 4<^>x + y + xy = 3 

=>P - _ - Jx 2 + u 2 . Diem roi la x-y-1 va minP = 1 -^2 

(y + 3) (x + 3) 3 v 

Ta thay -Jx 2 +y 2 =-^j(x + yf + 2(x + y)-6 nen ta co the dua ve ham so 
vdi bien x 2 + y 2 hoac x + y. 

Do 2 phan thuc dau co bac 3 nen ta se nghi den cac danh gia sau: 

„ , ( a+bf 

• Danh gia 1: Su dung bat dang thuc: a +b > -— 

• Danh gia 2 : Ap dung AM-GM: 


(y+3) 3 2 2- y+ 3 ■ ( y+3 f (y + 3) 3 2- ( y + 3 ) 3 

Tu dieu kien => x + y > 2 nen ta se dinh hudng ep bien ve x + y va phai 
danh gia dam bao ham so thu dupe dong bien. 


Dat x — — ,y — — . Dieu kien trd thanh: (x + l)(y +1) = 4 xy + x + y = 3 

(y + 3) (x + 3) 
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TU DUY TIEP CAN BAT BANG THTtC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


Ap dung AM-GM: (x + l)(y + l)<--^—— <=>16<(x + y + 2) 2 <=>x + y> 2 

Cach 1: 

„ , (a + bf 

Ap dung bat dang thuc: a 3 +b 3 > - — \/a,b > 0 


^ 32x 3 | 32y 3 f x | y Y 

(y + 3) 3 (x + 3) 3 + ^ x + 3) 

DINH Hl/ONG TTd DUY 

Ta se danh gia tiep tuc de dua bai toan ve x + y .Do bieu thuc c 6 dang phan 
thuc nen ta nghi ngay den bat dang thuc Cauchy-Schwarz: 

* , v _ * 2 | y 2 > i x+ yf 

y + 3 x + 3 xy + 3x xy + 3y 2xy + 3x + 3 y 
Mau so co xy ta van co the danh gia tiep nhung khoan, danh gia qua nhieu 
se dan den bai toanbi nguqc dau nen ta rut the xy = 3 - (x + y) 

^p> 8 ( x + y) 3 -^ x + y f + 2(x + y)-6 
(x + y + 6) 

Den day ta su dung CASIO de dam bao rang bai toan van con dung: 

Su dung cong cu TABLE cua may tinh 
CASIO vai: 

F(x) = — ^——-sjx 2 +2X-6 
(X + 6) 3 

• START = 2 

• END = 3 

• STEP 0.01 

Dua vao bang gia tri tren ta thay ham so 
don dieu tang, ham so dat gia tri nho 
nhat tai X = 2. 

CM y: De chac chan ta co the tiep tuc su 
dung TABLE cho khoang rong hon. 

Ap dung bat dang thuc Cauchy-Schwarz: 


X 

F(X) 

2 

-0.414 

2.1 

-0.324 

2.2 

-0.154 

2.3 

0.0988 

2.4 

0.4439 

2.5 

0.889 

2.6 

1.444 

2.7 

2.1201 

2.8 

2.9294 

2.9 

3.8847 

3 

5 
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Tit DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 

x , y _ x 2 | y 2 ^ (x + yf _ (x + yf 
y + 3 x + 3 xy + 3x xy + 3y 2 xy + 3x + 3y x + y + 6 

2 (, + y) -6 

(x + y + 6) 

Xet ham so: f (f) = ^ 3 -^f 2 +2f-6 voi f = x + y=>t>2 

( i + 6 ) 

24f5 ( f+12 ) *+* 

1 ' (f + 6) 4 sle+2t-6 


phAn tich hAm so 

Su dung cong cu TABLE cua may tinh 
CASIO vai: 

2 4 X=(X + 1 2 ) 

(X + 6)‘ 

• START = 2 

• END-3 

• STEP = 0.2 

X 

F(X) 

2 

2.625 

2.2 

3.8847 

2.4 

5.5272 

2.6 

7.61 9 

2.8 

10.193 

3 

13.333 


r(v) X + 1 

X 

F(X) 

() \lx 2 +2X-6 

• START = 2 

• END = 3 

• STEP =0.2 

2 

2.1213 

2.2 

1.7777 

2.4 

1.5921 

2.6 

1.4746 

2.8 

1.3931 

3 

1.3333 

24f 5 (f + 12) 

Dua vao 2 bang tren ta thay --——— > 

(t+6) 

gia thong qua gia tri ^. 

5 f + 1 

• — > , =■ nen ta se danh 

2 \/t 2 +2t-6 


24t 5 (t + l2) 5 , . , , 4 

Taco: -^>-^48i 6 + 384£ 5 —5(f + 6) >0 dung Vi>2 

M) ^ 

Va: t + 1 < — o2t + 2<5yJt 2 +2t-6 <^> 21t 2 + 421-154 >0 dung Vf> 2 

yf 2 +2f-6 2 
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Tit DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong -FbtThayNguyenDaiDuong 

, , 24f 5 (f+ 12) t +1 

=>/•(*) =-->0 Vf>2 

V ' (f + 6) 4 Jt 2 +2t-6 

Ham so dongbien tren [2, +00) =>/(f)> /(2) = 1 - ^ => P > 1 - 3/2 

Cach 2: 

Ap dung AM-GM: 


(y + 3f 2 3 

y 


(* + 3) s 2 2 * + 3 

=>PS6 ( - ^fl + jf3)“^ :t + ^ 2+2 ( X + ^“ 6 “ 2 

Ap dung bat dang thuc Cauchy-Schwarz: 

£ , y * 2 , y 2 ^ (* + y) 2 ( x+ y) 2 

y + 3 x + 3 xy + 3x xy + 3y 2 xy + 3x + 3y x + y + 6 

^ P -7^T6"'/ (l+! ' )2+2 ^ +y) " 6_2 


F ( x )= l ^-' /x2+2X - 6 


PHAN TICH HAM SO 
Su dung cong cu TABLE cua may tinh 
CASIO vai: 

6X 2 
X + 6 

• START = 2 

• END = 3 

• STEP 0.01 

Dua vao bang gia tri tren ta thay ham so 
don dieu tang, ham so dat gia tri nho 
nhattai X-2. 

De chac chan ta tiep tuc su dung TABLE 
cho khoang rong hon. 


X 

F(X) 

2 

-0.414 

.1 

-0.348 

2.2 

-0.258 

2.3 

-0.148 

2.4 

-0.021 

2.5 

0.1204 

2.6 

0.2749 

2.7 

0.441 

2.8 

0.6178 

2.9 

0.8043 

3 

1 


Xet ham so: f (f) = ~ \/f 2 + 2f-6 voi f = x + y=>f>2 


>/*W- 


6f(f + 12) f +1 
(f + 6) -\/f 2 + 2f -6 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


, 6f(f + 12) 5 

TV --- > — < 

( t+ 6f 2 

Va t + 1 < 5 <=>2U 2 -42f-154>0 dung Vt>2 

y/t 2 + 2t-6 2 

6t(t +12) 


(t+ef Je+it-e' 

Ham so dong bien tren [2,+ao) => f(t ) > /(2) = 1 - 2 => P > 1 --\/2 
Dang thucxay ra khi <! * ^ ox = y = l<^>a = b = c 

[ x =y 

Ket luan: Vay gia tri nho nhat cua P la 1 - yfl khi a-b = c. 


Bai 9: Cho a,b,c la cac so thuc ducmg. Tim gia tri lom nhat cua bieu thuc: 
„ 4 9 


\Ja 2 +b 2 +c 2 + 4 (a + 6 )V(« + 2c)(fc + 2 C ) 

De tuyen sink Dai Hoc khoi B-2013 


P doi xung theo a, fo nen du doan diem roi khi a = b . 

(a + b + c) Z 

Ta khong danh gia : a +b + c > --— — vi chua chac a = b = c. 

Nen ta se danh gia (a + &)^(a + 2c)(& + 2c) ve a 2 +b 2 +c 2 : 

\ a + b + 4c a 2 +b 2 + lab + 4 ac + 4bc 


(a + b) y j(a + 2c)(b + 2c)<(a + b)- ^ 2 

Ta ep ve a 2 + b 2 + c 2 nen can cm a 2 +b 2 + lab + 4ac + 4bc< f{a 2 +b 2 + c 2 j 
Can bang he so trong AM-GM ta dupe a = b = c va: 


a 2 +b 2 + lab + 4ac + 4 be 


<l[a 2 +b 2 +c 2 ) 


BAI GIAI 

a + b + 4c a 2 + b 2 + lab + 4 ac + 4bc 


Ap dung AM-GM: 

(a + b)^(a + 2c)(b + 2c)<(a + b) ^ 2 

Ma: lab<a 2 +b 2 , kac<l{a 2 + c 2 ) va Abc<l(b 2 +c 2 j 
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TU DUY TIEP CAN BAT DANG THUC 
Gv: Nguyen Dai Duong -FbtThayNguyenDaiDuong 

a 2 + b 2 + lab + 4 ac + 4 be 


>P<- 


-<l{a 2 +b 2 +c 2 ) 
9 


yja 2 +b 2 +c 2 + 4 l(a 2 +b 2 + c 2 j 

Dat t = yla 2 +b 2 +c 2 + 4^t>2^P< f(t) = - -—r 

t 2 (^- 4 ) 


DINH Hl/ONG Tl/ DUY 

Do bai toan khong c6 dieu kien nen de bieu thiic co gia tri Ion nhat thi ham 


Su dung cong cu TABLE cua may tinh 
CASIO vai: 

F(X) = — - r - ? -r 

1 j x 2(x 2 -4) 

• START = 2 

• END = 7 

• STEP = 0.5 

Dua bang gia tri tren ta thay ham so dat 
cue dai trong khoang (3.5,4.5) va dat 
gia tri lhn nhat tai do. 


X 

F(X) 

2.5 

-0.4 

3 

0.4333 

3.5 

0.5974 

4 

0.625 

4.5 

0.6119 

5 

0.5857 

5.5 

0.5558 

6 

0.526 

6.5 

0.4977 

7 

0.4714 


Ta xac nhan xem X = 4 co phai la cue tri hay khong? Nhap vao may tinh 


CASIO ta dupe: 


d 4 


dx\^X 2(x 2 -4)Jf = 4 
X = 4. Diem roi cua bai toan la a = b = c = 2 


= 0 nen ham so dat cue dai tai 


Xetham: = — - _ / ^ ^ voi t = \Ja 2 +b 2 +c 1 +4 >2 


t 2(^-4) 


‘ ( f - 4 ) 


t 

2 4 +00 

fit) 

+ 0 

fit) 

5 

—00 0 

1 \ 

Lvj 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 











































TU DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


Dua vaobangbienthien => /(f) < /(4) = ^ => P < ^ 
a = b = c 


Dang thuc xay ra khi 


C 


\^Ja 2 +b 2 +c 2 +4 =4 


<=>« = fe = c = 2 


Cach 2: Sau khi dinh huong dmc bai toan va diem rod nhu tren thi ta co the giai 
bang each ey ve bien a + b+c. 

T ' 2 1.2 2 A + ^ + + /~2 1~2 2 T U + b + C + 2 

Ta co: a +b +c + 4>--— => va + & + c + 4 >- 

4 2 

W: (a+i>y(« + 2c)(j, + 2c) s (a + j,)g±^j£ ^ 4“ + 

=>rs—®-27 . /(t) ._5__4 

a + fe + c + 2 2(a + & + c) i + 2 

Xef Zmaw: Vay gia tri Ion nhat cua P la — khi a = b = c = 2. 


Bai 10: Cho x,y,z la ede so thuc khong dm thoa man x 2 +y 2 +z 2 -2 . Tim gia 
tri lorn nhcit cua bieu thuc: 

"_ y+z i+yz 


p = - 


x 2 +yz + x + l x+y+z+1 9 

De tuyeh sinh Dai Hoc khd'i A-2014 


Bai toan co dtieu kien la mot bieu thuc doi xiing, P khong doi xung nhung 
doi xung theo 2 bien y,z, do dieu kien cac bien khong am nen ta khong the 
doan diem roi la y = z. Ta se xet cac trudng hop sau: 

TH 1: Co dinh x = 0=>y 2 +z 2 =2=>y = \l2-z 2 , thay vao P dupe: 

_ p _ ^2 -z 2 +z 1 + z\j2 - z 2 

n/2-z 2 +z + l 9 

Su dung cong cu TABLE vai: 

\j2-X 2 +X 1 + XV2-X 2 


2-X 2 +X + 1 
START = 0 
END = 1.5 
STEP = 0.2 


X 

F(X) 

0 

0.4746 

0.2 

0.4744 

0.4 

0.4698 

0.6 

0.4628 

0.8 

0.4543 

1 

0.4444 

1.2 

0.4304 

1.4 

0.3837 
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TU DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


Dua vao bang gia tri tren ta thay ham so |~ 


don dieu giam tren |^0, \fl J . Nen ham so dat gia tri Ion nhat khi X = 0 suy 
ra gia tri Ion nhat trong trunrig hop nay «0.4746 khi x = 0,y = \[2,z = 0 
TH 2: Co dinh z = 0=>x 2 +y 2 =2=>y = \jl-x 2 (do bai toan doi xung theo 
2 bien y,z nen ta khong can xet TH y = 0) 

- 1 

X +X + 1 x + 4l-x 2 +1 9 

Su dung cong cu TABLE vai: 

F(X)= X2 ■ ^ 1 


X 2 +X + l X + v2-X^ + l 9 

• START = 0 

• END = 1.5 

• STEP = 0.2 
Dua bang gia tri tren ta thay ham so dat cue 

dai trong khoang (0.8,1-2) va ham so dat gia tri lbn nhat tai X = 1. Ta kiem 
tra xem X = 1 co phai la cue dai hay khong. Nhap vao may tinh CASIO ta 


X 

F(X) 

0 

0. 746 

0.2 

0.4596 

0.4 

0.4835 

0.6 

0.5171 

0.8 

0.5443 

1 

0.5555 

1.2 

0.5383 

1.4 

0.4153 


dupe: - 


sJ2-X 2 


= 0 nen X = 1 la cue dai. 


dx lx 2 +X + l X + V2-X 2 +1 9 Jf = 1 
Gia tri Ion nhat trong trubng hop nay la ^ khi x = l,y = l,z = 0. 

Ket hop hai trubng hop ta thay diem roi cua bai toan la x = l,y = l,z = 0 
hoac x = l,y = 0,z = l. 

DINH Hl/ONG Tl f DUY 

2 v y+z 


Ta co nhan dinh : 


- dang phan so co mau dong 


x 2 +yz + x +1 x + y + z + 1 
nhat ve so lupng cung nhu he so nen ta nghi den viec danh gia sao cho hai 
mau dong nhat. Tu dieu kien ta danh gia dupe: 
x 2 +(y + z) 2 =2 + 2yz^>2(l + yz)>2x(y + z)«l + yz>xy + xz 


x 2 +yz + x + \ x 2 + x + xy + xz x + y + z + 1 
Va : x 2 +y 2 +z 2 = 2ox 2 +[y + zf =2 + 2yz=>2(l + yz)>^-^—— 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


Den day ta da dua bai toan ve bien x + y + z. Tu dieu kien bai toan ta danh 
gia duac 0 <x+y+z< -\/6^ nen ta se dinh hudng chung minh ham so dat 
cucdaitai t-x + y + z-2 tren |o,%/tT|. 


BAI GIAI 

Ap dung AM-GM: 

x 2 +y 2 +z 2 = 2<=>2(l + yz) = x 2 + (y + z) 2 >2x(y + z)=>l + yz>x(y+ z) 

/ \ n / \ 2 (x + y + z\ (x + y + z) 2 

Va : 2(l + yz) = x 2 + (y + z) >--— <=>l + yz>--— 


2 J 4 

y + z (x + y + z) ^ x + y + z (x + y + z ) 


x 2 + x + x(y + z) x+y+z+1 36 x+y+z+1 36 

Lai co: 3^x 2 + y 2 +z 2 )>(x + y + z) 2 <^>(x + y + z) 2 <6<^>0<x + y + z<V6 
Xethamso: ^ = x + y + z=>f 

=»/■( r ( t ) . o «,=2 

' ’ (t+lf 18 ls ( (+1 ) ! 1 > 


t 

f(t) 


f(t) 


4~e 


Dua vao bang bien thien => f(t) < /(2) = ^ <=> P < ^ 

Dang thuc xay ra khi x = y = 1,2 = 0 hoac x = z = l,y = 0 
Ket luan: Vay gia tri Ion nhat cua P la — khi x = y = l,z = 0 . 


Bai 11: Cho a,b,c la cdc so thuc khong dm thoa man dieu kien (a + b)c > 0 . Tim 
gia tri nhd nhat cua bieu thuc: 

P= r^~. r& 


b + c ]ja + c 2 (a + b) 

De tuyen sink Dai Hoc khoi B-2014 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


PHANTICH 

Bai toan doi xung theo 2 bien a,b ma (a + b)c >0 nen diem rai khong the la 
a = b = 0 hoac c = 0 duoc nen diem rai khi mot trong hai bien a hoac b 

bang 0. Khi do P = . — + — - — A— + — ,—+ — > — suy ra diem roi cua bai 
5 Vc 2 a 2 y c 2 y c 2a 2 y 

toan la a = c,b = Q hoac a = Q,b = c. Ter di'eu kien va P chera hai can there 
quen thuoc ta nghi den cac bat dang there: 


J a+b 

V«+ b+2 


» Danh gia 1: 


Danh gia 1 can dieu kien c = minjfl,b / c} nen khong phu hop. Danh gia 2 
doi xung va xay ra khi a = b,c = 0 va cac hoan vi nen phu hop. Nhrrng van 
de chinh la muon ser dung danh gia 2 thi ta phai chung minh no khi do neu 
dung ham so thi phai ser dung danh gia 1 va phai chung minh danh gia 1 
bang Cauchy-Schwarz rat dai va kho. Ta se ser dung each chung minh danh 
gia 2 bang AM-GM rat hay nhu sau : 

4a(a + b + c)>2ayjb + c <?> J—— >——— 
v 7 \jb + c a + b + c 

Khi danh gia bang AM-GM thi dang there chi xay ra khi b- 0 nen de dam 
bao dang there xay ra khi a hoac b bang 0 ta nhan them cho yfa. Tuong 

ttr: \[b(a + b + c)>2b^a+c « J—— >——— 
v ' ya + c a + b+c 

2 (a + b) c ^ „ c 

=> P > — - - + v dua bai toan ve ham so theo bien t -> 0 

a + b + c 2 (a + b) a + b 


BAI GIAI 


Ap dung AM-GM: 


a + b + c>2^Ja(b + A <z>4a{a + b + c)>2a->ib + c c=> J fl >- 


Danh gia tuong ter: J—— - ^ 


a + c a + b + c 
2 ( a + b ) | c _ 2 | c 

a + b + c 2^a + b^ c 2^a + b^ 

a + b 
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TU DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


= —=>t>0=>P>/(t) = —+ - 
a + b Jy) 1 + t 2 

PHAN TICH HAM SO 


F ( X H 


Su dung cong cu TABLE cua may tinh 
CASIO vai: 

2X X 
X + l 2 

• START = 0 

• END = 5 

• STEP 0.5 

Dua vao bang gia tri tren ta thay ham so 
co eye tieu va dat gia tri nho nhat tai 
X = l. 

Vay f(i)>/(l) thoa man yeu cau nen ta 
dinh hudng chung minh ham so dat gia 
tri nho nhat tai t = 1 


X 

F(X) 

0 

2 

0.5 

1.5833 

1 

1.5 

1.5 

1.55 

2 

1.6666 

2.5 

1.8214 

3 

2 

3.5 

2.1944 

4 

2.4 

4.5 

2.6136 

5 

2.8333 


Xet ham so: f (t) - —— + — voi t = —=> t > 0 
w 1 + t 2 a+b 

=>/ 'W = l"7T 1 y =>/, W =0<5, “ i ' 1 
2 ( 1+ <) 


t 

0 1 +00 

f(t) 

0 + 

m 

0__^^ 

2 


Dua vao bang bien thien =^> f(t ) > /(l) = ^ => P > ^ 
Dang thuc xay ra khi a = 0,b = c hoac a = c,b = 0. 
Cach 2 : Su dung danh gia 1 ' 1 ^ 


Ib + c 
1 


=>P>2-J—-h . " +->- 

a + b 2(a + b) 2^\« + & J 2 2 


|| Bai 12: Cho a,b,c thuc thude doan [l,3j va thoa man dieu kien a + b + c = 6 . || 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duomg - Fb:ThayNguyenDaiDuong 


Tim gia tri l&n nhat cua bieu thuc: 


_ a b +b c +c a +12abc + 72 1 , 

P =- abc 

ab + bc + ca 2 


D'e chink thuc ki thi THPT Quoc Gia 2015 


PHAN TICH 

Di'eu kien cua cac bien nam trong khoang chan nen kha nang diem roi xay 
ra khi co it nhat mot bien nam d bien. Do dieu kien va bai toan doi xung 3 
bien nen vai tro a,b,c nhu nhau, co dinh c = l^fl + b = 5=>b = 5-a thay 
vao P duoc: 

a 2 (5-af +(5-af +a 2 +12a(5-a) + 72 \ (a ^ 

F ~ fl(5-fl) + 5 — 

Do 1,3J ma c = l=>a,fce[2,3J 

Su dung cong cu TABLE cua may tinh 
CASIO vai: 

X 2 (5 - X) 2 - 10X 2 + 50X + 97 5 X-X 2 
5 + 5X-X 2 2 

START=2 
END = 3 
STEP = 0.1 


F(X) = - 


Dua vao bang gia tri tren ta thay ham so doi 
xung va dat cue tieu tai X = 2.5, dat gia tri Ion 


X 

F(X) 

2 

14.545 

2.1 

14.537 

2.2 

14.531 

2.3 

14.527 

2.4 

14.525 

2.5 

14.525 

2.6 

14.525 

2 7 

14.527 

2.8 

14.531 

2. 

14.537 

3 

14.545 


Voi gia tri tren thi diem roi cua bai toan la a = 3,b = 2,c = l va cac hoan vi. 
Co 2 gia tri nam 0 bien nen ta khong can xet trucmg hop nao nua. 

Do diem roi tai bien nen ta su dung danh gia mien gia tri: 

{a - 1) (b - 1) [c - 1) > 0 <=> abc + 5 > ab + be + ca (1) 

(a - 3)(fo - 3)(c - 3) < 0 <=> abc + 27 < 3(ab + be + ca) (2) 

Den day ta da thay dinh hudng ep ve t = ab + bc + ca, ta can danh gia bieu 
thuc dau dua ve ab + bc + ca nua la xong. Do diem roi la a = l,b = 2,c = 3 

nen khong the danh gia: a 2 b 2 + b 2 c 2 + c 2 a 2 > — ( ab + bc + ca ) 2 , nhung ta co: 

(ab + bc + caf =a 2 b 2 +b 2 c 2 +c 2 a 2 +2abc( < a + b + c) = a 2 b 2 +b 2 c 2 +c 2 a 2 +12abc 
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TU DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


Ta danh gia dieu kien cua bien : ab + bc + ca< 


(fl + b + c) 2 


= 12 nhimg diem 


rod khong xay ra khi ba bien bang nhau nen dieu kien tren la chua du, tir 
(1) va (2) ^>ab + bc + ca-5<abc<3{ab + bc + ca)-27 ^>ab + bc + ca>\l 
Do a,b,ce\l,3j nen taco: 

(a-l)(b-l)(c-l)>0 <^>abc + b> ab + bc + ca (1) 

(a-3)(b-3)(c-3)<0oabc + 27<3(ab + bc + ca) (2) 

Lay (2) ~(l)=>ab + bc + ca>ll 
(a + b+c) 2 

Ma : ab + bc + ca<- - — =12 

3 

Ta co: [ab + bc + caf = a 2 b 2 + b 2 c 2 + c 2 a 2 + 2abc (a + b + c) = a 2 b 2 + b 2 c 2 + c 2 a 2 + Ylabc 

(ab+bc + ca) 2 +72 i r -,1/ N 72 5 

=^P<^-- -{ab + bc + ca-5l =—(ab + bc + ca.) + - 

nh 4-hr 4-rn 9 L J 9 v ' n 


ab + be + ca 

Dat £ = ab + bc + ca^fe[ll,12]^P</(t) = ! + y + ! 


ab + bc + ca 2 


PHAN TICH HAM SO 
Su dung cong cu TABLE cua may tinh 
CASIO vai: 

F(X) = - + —+ 5 
v ’ 2 X 2 

• START = 11 

• END = 12 

• STEP 0.1 

Dua vao bang gia tri tren ta thay ham so 
don dieu giam tren [11,12J, ham so dat 
gia tri Ion nhat tai X = ll thoa man yeu 
cau nen ta dinh huong chung minh ham 
so nghich bien tren [11,12 J. 


X 

F(X) 

11 

14.545 

11.1 

14.536 

11.2 

14.528 

11.3 

14.521 

11.4 

14.515 

11.5 

14.51 

11.6 

14.506 

11.7 

14.503 

11.8 

14.501 

11.9 

14.5 

12 

14.5 


Xetham: f(f) = ^-f + ^ + ^ voi t = ab + bc + ca=>t e[ll,12J 
=> /'(f) = -j- < 0 Vf e [11,12J Ham so nghich bien tren [11, 


12 J 


,/(,) S /(h) = ^=pP 
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Tit DUY TIEP CAN BAT BANG THUC 
Gv: Nguyen Dai Duong -FbtThayNguyenDaiDuong 
Dang thuc xay ra khi a = l,b = 2,c = 3 va cac hoan vi. 

Ket luan: Vay gia tri Ion nhat cua P la khi a = l,b = 2,c = 3. 


Bai 12: Xet cac so'thuc x,y thoa man x + y +1 = 2^x-2 + ^jy + 3 j (*) 

a. Tim gia tri Ion nhat cua x + y 

b. Tim m de 3 x+y ~ 4 +(x + y+ l}2 7 ~ x ~ y -3[x 2 + y 2 ^<m dung voi moi x,y thoa 
man (*). 

De chinh thuc ki thi THPT Quoc Gia 2016 

BAI GIAI 


a.Di'eu kien: 


y>-3 


>x+y >-1 


ApdyngAM-GM: 2^ + 2^<^]±i + i±|±i = 
. x + y + 9 

=>x + y +1<-^-<=>x + y<7 


Gia tri Ion nhat cua x + y la 7 khi 


Jx-2=4 

|y+3 = 4 ^ [y=1 

b.x+y + l = 2^x-2 + ^y + 3jo(x+y+l) 2 = 4^x+y+1+ 2\jx-2^y+ 3 j> 4(x+y+l) 
Xet P = 3 x+y ~ 4 +(x + y + 1)2 7 ~*- J/ - 3 (x 2 + y 2 ) 


TH: x + y = -l« 


x = 2 9476 

=> P = - 

y = -3 243 


TH: x + y>3.Taco: x 2 +4 + y 2 + l>4x + 2y >2(x + y+ 2)>10 =>x 2 +y 2 >5 
=> P< 3 x+y ~ 4 +(x + y + l)2 7 ~ x ~ y - 15 
Dat t = x + y=>3<f <7. =^P</(t) = 3 f “ 4 + (t + l)2 7 “‘-15 
Xet ham f (f) = 3'~ 4 + (f + l)2 7_f -15 =>/'({) = 3 f 4 ln3 + 2 7_f -(f + l)2 7- * ln2 
f" (t) = 3 t_4 In 2 3 + (f .In 2 2 + In 2 2-21n2^2 7_i >0 Vte[3,7J 
=>/'(f) dongbientren [3,7]. 

Taco: f(3)./(7)<0 =>3!ae[3,7J thoa man f(a) = 0. 
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Tit DUY TIEP CAN BAT dAnG THUC 
Gv: Nguyen Dai Duong - Fb:ThayNguyenDaiDuong 


Do f "(a) >0 =>t-a la cue tieu. 

BBT: 


t 

3 a 7 

f(t) 

- 0 + 

m 

148 

3 20 


Dua vao BBT => /(f)< /( 3 ) = ^ ^ P < ^ 


Dang thiic xay ra khi 



<=>x = 2,y = l. 


Ket hop 2 TH => GTLN cua P la khi x = 2,y = 1 

Ket luan : De 3 x+y ~ A + {x + y + T)2 7 ~ x ~ y -3{x 2 +y 2 m dung Vx,y thoa (*) 


thi: 


m > max P 


148 

3 


THAYTHltONG XUYENDANG BAl VE cAc CAu8-9-10 .CAC EM CO 
THE THEO DOI CAC BAl TOAn OXY VA PHltONG TRINH - HE 
PHltONG TRINH TRlXC TIEP TAIFACEBOOK CUA THAY. 

Facebook: https://www. facebook.com/ThayNguyenDaiDuong 

Dekhuyeh khich tinh than hoc tap cua cac em thi thay co ph'dn thueng sau: 

Phan thuong danh cho hoc sinh online co loi giai chmh xac va nhanh nhat 
la 1 cuon sach: " Phuong Phap Ham SoTu Duy Giai Toan Bat Dang Thitc - 
Gid Tri Lon Nhat - Gia Tn Nhd Nhat " tac gia Nguyen Dai Duong - Doan 
Tri Dung. 

Hoac 1 cuon sach: " Chinh Phuc Phuong Trinh - He Phuong Trinh - Bat 
Phuong Trinh " tac gid Nguyen Tien Chinh - Nguyen Phu Khanh. 
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